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INTRODUCTION
Intraoperative localization of intracranial abnormalities is an essential function for many neurosurgical procedures. Historically, stereotaxic frames had been designed and used for intraoperative localization of space occupying lesions in brain surgery since 1905 [1,2,7-10,13-18,20,23,24,26-33,36-551. Stereotaxic localization systems designed before the mid-1970's utilized conventional radiography with the patient's head immobilized in a specially designed fixture. Intracranial landmarks were visible on these radiographic systems only after intracranial introduction of air or contrast material.
More recently, CT scanners were introduced, dramatically improving intracranial soft tissue contrast discrimination, so many abnormalities may be seen without intrathecal air or contrast material. The CT scanner is an ideal device in many ways for stereotaxic localization. The geometrical accuracy of CT scanners is sufficient for most neurosurgical procedures. CT scans have high contrast and spatial uniformity in the plane of section, without geometric distortion due to magnification found in conventional radiography. CT scanners produce images using digital computers, and as a result, the images themselves have a digital format that are stored in a general purpose minicomputer.
Stereotaxic neurosurgical localization systems based on CT scanning for target identification have been developed and several are commercially available [ 1,3-5,17,18,36,47-501. There are four problems that arise in stereotaxic neurosurgical applications. The first is target localization where the x, y locus of a specified point within a space occupying lesion found on a single CT scan slice must be transformed into the three-dimensional coordinate system of the stereotaxic device. Second is the forward solution for a single probe to reach the specified target by generating settings for the stereotaxic frame being used. Third is the forward solution for multiple probes, all of which must be mutually separated in space by a specified distance. Fourth is the requirement to allow independent specification of rhe probe entry point or direction from the surface of the skull to the desired target.
In currently available stereotaxic systems, tumor (or other target) localization in threedimensional coordinate systems is performed using a single CT scan slice containing the desired target center point. This CT scan is typically obtained with the patient's head securely fixed in a nonmetallic cylindrical frame with three N-shaped locators ( Fig. 1 ). Translation of the tumor or target point location from CT scan three-dimensional coordinates to the corresponding stereotaxic frame coordinates settings is designated a "forward solution" (a term borrowed from robotics).
As utilization of stereotaxic frames has increased, greater flexibility and versatility in the localization functions have been sought by surgeons. The need for computer-implemented procedures arose and several designs have been implemented and tested [ 1,6,7,10-l&22,24,26,27- replaced the localizer to reach the lesion within the patient's skull. 33,35-48,50-551. In particular, tumor localization in three-dimensional coordinates has been mentioned and a solution proposed [3] [4] [5] 491 . This solution is based on a linear transformation approach, commonly used in computer graphics. However, it demands artificial introduction of additional dimension to the measured values with three-dimensional matrix inversion and multiplication. An alternative solution to the same problem based on the two-dimensional matrix calculation was proposed recently [52] but the published proof of its validity is incomplete. The forward solution for modem stereotaxic frames is not available in the literature, due in large part to the variety of geometries used in construction of stereotaxic frames. However, stereotaxis systems based on CT scans are similar in that they all use localization schemes incorporating two parallel rings, allowing the probe line to pass through two predetermined points (entry point at the surface of the skull and target point within the lesion of interest).
Determination of stereotaxic frame settings for multiple targets was mentioned in [52], but the solution was left to the surgeon who must "perform the above operation repeatedly." In certain cases, including interstitial radiotherapy [ 19, 21, 34] , multiple coplanar targets (and there may be up to 100 of those) may be required. These targets are constrained to maintain a predefined distance between them and separating each one from a selected probe line. As such, not all these points will necessarily lie in the plane of the single CT scan slice used to determine the target center. Clearly, there is a need to equip surgeons with a procedure to perform this task in an automated fashion.
The fourth problem of stereotaxic neurosurgery is the probe line direction specification problem. Independent specification of entry point or probe line direction is important in practical terms, since not all approaches to a desired target point are equally useful. A metallic needle is introduced along the probe line at operation ( Fig. 1 ). This needle may damage a vital brain structure if it passes through it. Neurosurgeons are well acquainted with safe approaches to intracranial lesions, and require the ability to specify approach direction or entry point on the skull, within certain limits. These specifications may differ from patient to patient, and cannot be too severely constrained in practical applications. Brown [3] [4] [5] 491 proposed azimuth and declination to specify approach direction, a method borrowed from navigation. This scheme is simple and may easily be incorporated in the forward solution, yet it did not receive widespread use. Another approach, proposed by [52] is to identify an additional point in three-dimensional space as an entry point and then manually manipulate the frame settings until the desired direction is reached and the settings may be read from the frame. This procedure was found to be excessively burdensome for routine clinical applications.
In summary, we have identified a requirement for a user-friendly stereotaxic software system based on mathematically sound methods to solve problems of target localization, probe line entry approach specification and forward solution in single and multiple target cases. The requirement for user friendliness of the system necessitates graphic representation, menu-driven operation, minimization of the keyboard input and real-time message generation for the operator.
We have developed a microcomputer-based computer aided stereotaxic software system based on a commercially available frame system (Brown-Roberts-Wells) . A complete mathematical description of the system operation is provided in this report. Details of the software system implementation are described, and an example application provided.
STEREOTAXIC FRAME DESCRIPTION
The BRW CT Stereotaxic Frame consists of three parts: a head ring assembly, localizer ring assembly and arc system (Fig. 1) .
The head ring is fixed on the cranium with four vertical carbon-fiber posts and plastic and steel fixation screws ( Fig. 1 ). This device remains in place throughout the scanning and the stereotaxic procedure. The localizer ring assembly or the arc system may be attached to the head ring assembly. The localizer ring assembly ( Fig. 1 ) has three N-shape localizing carbonfiber rods that are fixed between two rings. These rods are visible on CT scans ( Fig. 2) and their coordinates in the scan matrix are used for three-dimensional reconstruction. After completion of the CT scanning procedure, the Iocalizer ring assembly is removed and exchanged with the arc system. The arc system consists of a horizontal ring and a perpendicular arc attached to the ring. The vertical arc has two vertical rotation axes ( Fig. 3) , so that manipulating the vertical arc around those axes, or, in other words, setting the angles a and p ( Fig. 4 ), any azimuth setting may be achieved. The probe guide is mounted on the vertical arc and it may be rotated around two horizontal axes ( Fig. 5 ), so that manipulating the probe guide around those axes, or, in other words, setting the angles y and 6, any declination setting may be achieved. The probe holder has a sliding joint, so that the length h of insertion probe may be adjusted. This frame is one of the simplest stereotaxic devices available and for this reason it was chosen for this study. Other stereotaxic devices may be analyzed in a similar fashion to the geometrical considerations given here for the BRW frame.
SOLUTIONS

Target localization problem
The geometry of N-shape locators (Fig. 3) , their projections to the CT scan plane of section and the target point coordinates in the CT scan plane (Fig. 7) are given. Our objective is to find the target's coordinates in the three-dimensional stereotaxic frame space (Fig. 8 ). The solution is carried out in two steps:
1. Determine the three-dimensional coordinates of every N-shape locator's middle bar projection in the CT-scan ( Fig. 6 ), 2. Use this information to obtain the target's coordinates.
Let A(x,, y,, 0) and E(xZ, yz, 0) be the three-dimensional coordinates of the bottoms of the two vertical rods in an N-shape locator ( Fig. 6 ). Let EK = H be the height of the two vertical rods. Let B(x;, y;), C(& y:) and D(x;, y;) be the CT scan coordinates of the first rod, middle bar and the third rod of an N-shape locator.
By inspection, triangles A ABC and A CKD are similar:
Therefore, 
AC = CK * BCICD (2)
Analogous derivation leads to
Having computed three-dimensional coordinates 0(x,,,,, yml, z,,), V (.r, , , , , ym2, z, , , J and W(X, , , ~, Yd, I, , , ~) of each of the middle bars projections, we proceed to step 2. Define V = OV, W = OW in the three-dimensional space. Let U be the vector from the first middle bar projection 0 to the target point (x,, y,) specified in the plane of the CT scan. Let VP, W, and U, denote those vectors' projections to the CT scan plane. Vectors V, W, VP, W,, and UP are given and our aim is to find the vector U. Since U, V and W are all in the same CT scan plane (Fig. 7) , so U may be represented as a linear combination of V and W: u = av + pw (10) Since a projection to an arbitrary plane is a linear transformation, so up = av, + pw, (11) for the same a and p. On the other hand, since the vectors VP and W, are never collinear by the construction of the locators, and the vector U, -(aV, + PW,,) must be orthogonal to VP and W,, so the following two equations must hold:
wpv up -(aV, + PW,)) = 0 (W,, UP -(oV, + PW,)) = 0 (12) (13) Hence, 
So the target coordinates may now be obtained by first solving (14) and then (10).
Probe line entry direction specification
The direction of the probe line is completely specified by azimuth and declination (Fig.  8) . It is frequently desirable to identify an additional point on the surface of the skull (ento point) through which the probe will pass to reach the target point. In such cases, it is inconvenient to specify azimuth and declination. A method for probe line generation from specification of the skull entry point and target point in a CT scan section is required. The following procedure may be applied.
Let (x,, y,, z,) and (x0, y,, z,) be the three-dimensional coordinates of the target and the entry points respectively. These points are identified on different CT scan slices and their coordinates computed with the procedure outlined in the previous section. Then 
where r, = sqr(d + yz) and r, = sqr(xf + yf).
Forward solution
The stereotaxic frame settings must be computed to allow the user to introduce a needle into the brain along the probe line described above. This problem may be solved using a forward solution, formulated as follows.
Given the three-dimensional coordinates of the target T(x,, yZ, zI), azimuth and declination of the probe line, find the four angular settings OL, p, y, 6 and the probe line insertion depth.
The B-R-W stereotaxic device (Fig. 1) is constructed such that the p angular setting may be rotated only to the left about its pivoting point. Therefore the target must be always to the left when observed from the point X(x,, y,) obtained by the intersection of the azimuth line passing through the target's T projection in the horizontal ring plane and the ring (Figs. 8, 9 ).
The solution is outlined in the five following steps:
1. Choose the intersection point of the azimuth line passing through the target and the horizontal ring, so the left-handedness requirement for setting angle p is satisfied, 2. Compute a and p, Fig. 9 . Base ring plane geomeuy is coincident with the x-y plane 3.
5.
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Transform the target's coordinates into a new system with the Y-axis aligned with the vertical ring's projection on the horizontal base plane. Compute y and 6, Compute the insertion depth.
Let R be the radius of the horizontal ring projection to the plane, parallel to the ring plane and containing the origin of the three-dimensional space. Then equation for the circle describing the ring is:
Let A = 90azimuth. Then the probe line passing through the target's T projection in the horizontal ring's plane is described by
Substituting (18) into (17) and solving for x and y, we receive two points of the probe line intersection with the ring: We term the intersection points obtained using (19) and (20) the "right-hand intersection" (RHI) and the "left-hand intersection" (LHI) points respectively. Now, the pivot point for the I3 angle is chosen according to the following algorithm: 
Before computing y and 6, we must first align the vertical ring with the probe line's projection in the horizontal ring plane (Fig. 10) . This is done mechanically by first rotating the vertical ring by a about the center and then rotating it by p about the chosen intersection point determined in the previous step. The probe line will then have the required azimuth, and the computation of the y and 6 will be reduced to the two-dimensional case in the y-r coordinate system of the vertical ring plane (Fig. 11 ). The target's coordinates must be transformed according to the rotations performed into the new coordinate system (x', r, z') . Let R, denote the rotation transformation by a about the z-axis and let R, denote the rotation transformation about the intersection point by p. Then Multiple targets are usually defined in the plane perpendicular to the probe line, displaced from the original single target point by a specified distance and maintaining a mutual separation for each additional line parallel to the original probe line. The easiest approach to solve this case is to define a grid of targets in a horizontal plane, containing the originally defined single target or displaced from it by a predefined distance. The grid is specified by the number of targets in it and by the distance, which must be maintained between each target vertex. Once the grid is computed (i.e. the coordinates of every vertex are computed), the grid plane is rotated to become perpendicular to the probe line. Each target coordinate triple (x, y, z) is transformed: Now the forward solution may be applied automatically at each grid vertex to compute the stereotaxic arc frame settings needed to reach each point in the grid.
8.50
System implementation Operation. A software system designed to solve the stereotaxic frame operation problems described above has been implemented on an inexpensive personal computer (Apple LMacintosh with 118K memory). A major advantage of the Macintosh computer lies in its user interface, which is elegant in its simplicity. The display screen is divided into four windows displayed on the computer screen at various stages of program operation (Fig. 12 ). The functionality of these display windows is enhanced by their use for operator input and for display of results by the program: 
3.
4.
The largest window at the right part of the screen (Graphics Window) is used to interactively define targets and approaches and to interactively edit the CT scan definition. The upper left window (Location Window) is used for real-time display of a chosen point's location on the CT scan. The window at the left side of the screen (Scrolling Calculator Window) at the middle is used to receive data typed in from the keyboard and also to display additional information.
such as the distances from a given point to all other targets previously defined on the CT scan.
The window at the left bottom (Message Window) is used to display messages to the operator.
After initialization, the software system presents five menus to the operator (Fig. 12 ). Two of these menus, the Parallel Settings menu (Fig. 16 ) and the Print menu (Fig. 17 ) are not to be used before the target and the approach are defined. Therefore, these menus appear dim on the screen, until target and approach are entered.
Menu selections may be made using the mouse supplied with the Macintosh computer. The Scan menu has three options ( Fig. 13) : Define, Edit and Quit. The Scan Definition option is used to enter the 3-triples of the N-shaped locators (x' , y') coordinates using the keyboard. Once entered, the rods projections appear on the screen for viewing, reference and editing. The Scan Editing is performed by pointing the arrow at the rod with the coordinates to be edited (the present coordinates appear in the upper left window in real-time in the process of pointing at the rod), and then by entering the new coordinates from the keyboard. The edited rod is redrawn on the scan window.
The Target menu has three options ( Fig. 14) : First in the Scan, Next in the Scan and First in three dimensions. The target is defined either interactively by dragging the mouse across the screen and viewing its two-dimensional coordinates in the CT-scan plane system displayed in the left upper window until the desired location is achieved or by entering its three-dimensional coordinates directly. When defining a next target (the same technique) its distance from all the previously defined targets will appear in the left middle window in real time.
The Approach menu has three options ( Fig. 15 ): Entry Point in the Scan, Azimuth/Deelination, and Entry Point in Another Scan. The entry points are specified the same way as the targets, while azimuth and declination must be entered manually.
The Parallel Settings menu has four options ( Fig. 16) : 3 x 3 Grid, 5 x 5 Grid, 7 x 7 Grid and 9 X 9 Grid. Once an option is selected, the operator is requested to key in the distance between the targets in the grid and the grid plane offset from the original target. The end of pull-down menu gives the user three alternatives for defining the entry point the skull for the probe that will reach the tarset point(s). into grid computation is signalled to the operator by dra\ving a grid in the right window around the original target.
The Print menu has three options ( Fig. 17) : Now, Sorted by Alfa and Sorted by Gama. It is used to sort the frame settings to enable the surgeon to perform the surgery, while continuously increasing one of the angular settings in the frame.
Anything may be redefined at any stage of the calculations without losing the rest of the information. Also the settings, once computed, may be printed at any time. Multiple targets as well as multiple grids of multiple targets in the same and in different CT scans may be defined and the corresponding settings may be printed durin, 0 a single session. The end of an action performed by the program is signalled by a beep sound. . 16 . The "PARALLEL SETTINGS" pull-down menu provides alternative grids superimposed on the target region of the CT scan to identify a set of target points when multiple target definition is required. 
Data structures and program modules description.
There are three main data structures in the system (Fig. 19) , which, using Pascal language, could be described as:
x, y, 2: real end; ApproachType = record Azimuth, Declination: real end; SettingsType = record Alfa, Beta, Gama, Delta, Depth: real end.
There are five main modules in the program (Fig. 19) . The Data Acquisition module may pass a target type record to the Targets module or to the Approach module. An Approach type record may pass only to the Approach module. These records, in turn, are passed to the Settings module, where a Settings type record or an array of those is computed and passed to the Menu Handler. The Sort or Print modules may be invoked at this stage.
The Menu Handler module has the menu definitions and may invoke Print, Sort or Settings modules. The Setting module consists of Parallel and Single settings computing subprograms. This module also contains two private subprograms: Intersect and SetFrame. SetFrame computes Fig. 19 . Data flow diagram for stereotaxic software system the angular settings, while the Intersect computes the points of intersection of a probe line with a specified circle. The Settings module may invoke the Approaches or the Targets modules and obtain appropriate information. The Data Acquisition module is responsible to receive correct data from the user and to transform it to the three-dimensional data when necessary.
CONCLUSIONS
We have analyzed a widely used stereotaxic neurosurgical localization system (Brown-Roberts-Wells) . A user friendly, interactive software system has been designed and implemented to allow the surgeon to define localizer rods' projections, lesion target points, skull surface approaches and gridded arrays of targets using CT scan data as input. Our software system enables the surgeon to obtain sorted listings of the angular settings of the stereotaxic frame for use during the surgery. A complete analysis of this stereotaxic frame geometry and the methods used in the computations are presented and proved.
